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Abstract. We introduce a new invariant for subcategories X of finitely generated mod- 
ules over a local ring R which we call the radius of X. We show that if i? is a complete 
intersection and X is resolving, then finiteness of the radius forces X to contain only 
maximal Cohen-Macaulay modules. We also show that the category of maximal Cohen- 
Macaulay modules has finite radius when i? is a Cohen-Macaulay complete local ring with 
perfect coefficient field. We link the radius to many well-studied notions such as the di- 
mension of the stable category of maximal Cohen-Macaulay modules, finite/countable 
Cohen-Macaulay representation type and the uniform Auslander condition. 



Introduction 

Let i? be a commutative Noetherian local ring and modi? the category of finitely 
generated modules over R. In this paper we introduce and study a new invariant for 
subcategories X of modi? which we call the radius of X. Roughly speaking, it is defined 
as the least number of extensions necessary to build the whole objects in X out of a 
single object in modi?. (For the precise definition, see Definition 12.31 in this paper.) 
Our definition is inspired by the notion of dimension of triangulated categories that was 
introduced by Rouquier in ^9\. 

We obtain strong evidences that the concept of radius is intimately linked to both the 
representation theory and the singularity of R. For example, over a Gorenstein complete 
local ring R, the category of maximal Cohen-Macaulay modules has radius zero if and 
only if R has finite Cohen-Macaulay representation type, in other words, i? is a simple hy- 
persurface singularity (when R has an algebraically closed coefficient field of characteristic 
zero). In addition, the category of maximal Cohen-Macaulay modules over a complete 
local hypersurface (over an algebraically closed field of characteristic not two) of count- 
able Cohen-Macaulay representation type has radius one. We also observe a tantalizing 
connection to the uniform Auslander condition, which has attracted researchers over the 
years. 

Perhaps most surprisingly, one of the corollaries of our first main result (Theorem 13.30 
states: 
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Theorem I. Let R he a local complete intersection, and let X he a resolving suhcategory 
of mod R. If the radius of X is finite, then X contains only maximal Cohen- Macaulay 
modules. 

We conjecture that the above resuh holds for all Cohen-Macaulay local rings. Our 
second main result below supports this conjecture, which follows from a more general 
results (Theorems 15.71 and 15. lip . 

Theorem II. Let R he a Cohen-Macaulay complete local ring with perfect coefficient field. 
Then the category of maximal Cohen-Macaulay modules over R has finite radius. 

The structure of the paper is as follows. In Section [1] we set the basic notations and 
definitions. Section [2] contains our key definition (Definition 12. ip of the radius of a sub- 
category of mod R, as well as some detailed comparisons to similar notions. We also give 
several results connecting the radius to the singularities of finite and countable Cohen- 
Macaulay representation type. Sections [3] and H] consist of the statement and proof of our 
main Theorem I, respectively. We also discuss here thickness of resolving subcategories of 
maximal Cohen-Macaulay modules over a complete intersection. Section |5] contains the 
proof of (generalizations of) our main Theorem II. Section [6] connects the main results to 
the uniform Auslander condition and discuss some open questions. 

1. Preliminaries 

In this section, we recall the definitions of a resolving subcategory, totally refiexive 
modules and a thick subcategory. We begin with our convention. 

Convention 1.1. Throughout this paper, we assume all rings are commutative Noether- 
ian rings with identity. All modules are finitely generated. All subcategories are full and 
strict. (Recall that a subcategory X of a. category C is called strict provided that for 
objects M, N E C with M = A^, if M is in X, then so is A^.) Hence, the suhcategory of a 
category C consisting of objects {Ma}aga always mean the smallest strict full subcategory 
of C to which Mx belongs for all A G A. Note that this coincides with the full subcategory 
of C consisting of all objects X G C such that X = M\ for some A G A. Let i? be a 
(commutative Noetherian) ring. Denote by mod R the category of (finitely generated) R- 
modules and i?-homomorphisms. For a Cohen-Macaulay local ring R, we call a maximal 
Cohen-Macaulay i?- module just a Cohen-Macaulay i?- module. We denote by CM[R) the 
subcategory of mod R consisting of Cohen-Macaulay i?-modules. 

The following notation is used throughout this paper. 

Notation 1.2. For a subcategory X of modi?, we denote by addAf (or addptX) the 
additive closure of X, namely, the subcategory of modi? consisting of direct summands 
of finite direct sums of modules in X. When X consists of a single module M, we simply 
denote it by addM (or add/jM). For an i?-module M, we denote by M* the i?-dual 
module Hom/j (M,i?). For a homomorphism f : M ^ N of i?-modules, /* denotes the 
i?-dual homomophism N* — )■ M* sending a G N* to the composition cr ■ / G M*. 
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The notion of a resolving subcategory has been introduced by Auslander and Bridger 
[3]. It can actually be defined for an arbitrary abelian category with enough projective 
object. The only resolving subcategories we deal with in this paper are ones of modi?. 

Definition 1.3. A subcategory X of modi? is called resolving if the following hold. 
(Rl) X contains the projective i?-modules. 

(R2) X is closed under direct summands: if M is an i?-module in X and is an i?-module 

that is a direct summand of M, then A^ is also in X. 
(R3) X is closed under extensions: for an exact sequence 0— )-M— t-A^— T-Oof 

i?-modules, if L, N are in X, then so is M. 
(R4) X is closed under kernels of epimorphisms: for an exact sequence — )• L — )■ Af — )■ 

A^ — )■ of i?-modules, if M, N are in X, then so is L. 

A resolving subcategory is a subcategory such that any two minimal resolutions of a 
module by modules in it have the same length; see [31 Lemma (3.12)]. Note that one can 
replace the condition (Rl) with: 

(Rl') X contains R. 

Next we recall the notion of a totally refiexive module. 

Definition 1.4. An i?- module M is called totally reflexive if the natural homomorphism 
M M** is an isomorphism and Exf^(M,i?) = = Ext^(M*,i2) for all i > 0. We 
denote by Q{R) the subcategory of modi? consisting of totally refiexive modules. 

A totally refiexive module was defined by Auslander [2], and deeply studied by Auslan- 
der and Bridger [3]. The i?-dual of a totally refiexive i?-module is also totally refiexive. 
Every projective module is totally refiexive, i.e., addi? C Q{R). If i? is a Cohen- Macaulay 
local ring, then every totally refiexive i?-module is Cohen- Macaulay, i.e., Q{R) C CM(i?). 
When i? is a Gorenstein local ring, an i?-module is totally refiexive if and only if it is 
Cohen-Macaulay, i.e., Q{R) = CM(i?). For more details, see [3] and [10]. 

Syzygies, cosyzygies and transposes are key tools in this paper. We recall here their 
precise definitions. 

Definition 1.5. Let (i?, m) be a local ring, and let M be an i?-module. 

(1) Take a minimal free resolution ■ ■ ■ ^"^^) Pn i^n-i "^""^ ■ ■ ■ i^o ^ ~^ of M. 
Then, for each n > 1, the image of 5„ is called the n-th syzygy of M and denoted by 
(]"M (or QrM). For convention, we set Q^M = M. 

(2) The cokernel of the i?-dual map 61 : Fq — )■ F* is called the (Auslander) transpose of 
M and denoted by TrM (or Tr^M). 

(3) Let — 7- M — 7- F_i — • ■ ■ — 'lLJ^ p^^ izlN. _p_^^^^^ — _ _ _ be a minimal free 
coresolution of M, that is, an exact sequence with F_„ free and Im(5_„ C mF_(„+i) 
for all n > 1. Then we call the image of the n-th cosyzygy of M and denote it by 
^]-"M (or fi^"M). 

Let i? be a local ring. Then by [28| Lemma 3.2] one can replace (R4) with: 
(R4') X is closed under syzygies: if M is in A", then so is QM. 
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Totally reflexive modules behave well under taking their syzygies, cosyzygies and trans- 
poses. Let -R be a local ring. Let M be a totally reflexive -R-module. The i?-dual of a 
minimal free resolution (respectively, coresolution) of M is a minimal free coresolution 
(respectively, resolution) of M* . In particular, a minimal free coresolution of M always 
exists, and it is uniquely determined up to isomorphism. The n-th syzygy VL^M and 
cosyzygy VL~'^M are again totally reflexive for all n. This is an easy consequence of [IDl 
(1.2.9) and (1.4.8)]. The transpose TrM is also totally reflexive; see [3l Proposition (3.8)]. 
For an i?-module M, the n-th syzygy VL^M for any n > 1 and the transpose TrM are 
uniquely determined up to isomorphism, since so are a minimal free resolution of M. 
If M is totally reflexive, then the n-th cosyzygy Vt'^-M for any n > 1 is also uniquely 
determined up to isomorphism, since so is a minimal free coresolution of M. 

A lot of subcategories of modi? are known to be resolving. For example, CM(i?) is 
a resolving subcategory of modi? if i? is Cohen-Macaulay. The subcategory of modi? 
consisting of totally reflexive i?-modules is resolving by [3[ (3.11)]. One can construct 
a resolving subcategory easily by using vanishing of Tor or Ext. Also, the modules of 
complexity less than a flxed integer form a resolving subcategory of modi?. For the 
details, we refer to [231 Example 2.4]. 

Now we deflne a thick subcategory of totally reflexive modules. 

Definition 1.6. A subcategory X of Q{R) is called thick if it is closed under direct 
summands, and short exact sequences: for an exact sequence 0— t-L— >M— )-iV— )-0of 
totally reflexive i?-modules, if two of L, M, are in X, then so is the third. 

A typical example of a thick subcategory is obtained by restricting a resolving subcat- 
egory to Q{R). 

The following proposition is shown by an argument dual to [281 Lemma 3.2]. 

Proposition 1.7. Let R he a local ring. Let X he a suhcategory of Q{R) containing R. 
Then X is a thick suhcategory ofQ{R) if and only if X is a resolving suhcategory of mod R 
and is closed under cosyzygies: if M is in X, then so is Q~^M. 

Let (i?, m) be a local ring. We call i? a hypersurface if the m-adic completion i? of i? 
is a residue ring of a complete regular local ring by a principal ideal. We say that i? is 
a complete intersection if i? is a residue ring of a complete regular local ring by an ideal 
generated by a regular sequence. 

We recall the deflnitions of Gorenstein dimension and complete intersection dimension, 
which are abbreviated to G-dimension and Cl-dimension. These notions have been intro- 
duced by Auslander and Bridger ^ and Avramov, Gasharov and Peeva [7], respectively. 

Definition 1.8. Let i? be a local ring, and let M be an i?-module. The G-dimension of M, 
denoted Gdim/^M, is deflned as the inflmum of the lengths of totally reflexive resolutions 
of M, namely, exact sequences of the form — X„ — )■ — t----— )-Xo— )-M— J-O 
with each Xj being totally reflexive. The CLdimension of M is deflned as the inflmum of 
pdg{M i?') — pd^ i?' where i? — )■ i?' ^ S* runs over the quasi-deformations of R. Here, 

a diagram R ^ R' 4^ S oi homomorphisms of local rings is called a quasi-deformation of 
i? if / is faithfully flat and g is a. surjection whose kernel is generated by an S-sequence. 
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Recall that M is said to have complexity c, denoted by cx^jM = c, if c is the least 
nonnegative integer n such that there exists a real number r satisfying the inequality 
/3f (M) < ri"-^ for all i > 0. 

Remark 1.9. For a local ring (i?, m, k) and a module M over R, the following are known 
to hold. For the proofs, we refer to [10] and [7]. 

(1) Gdim/jM = oo if and only if M does not admit a totally reflexive resolution of finite 



(2) Cldim/jM = oo if and only if pd_5(M ®i? R') = oo for every quasi-deformation R — )■ 
i?' ^ S. 

(3) One has M = ^ Gdimj^ M = -oo <^ Cldim^jM = -oo. 

(4) Gdim/jM < if and only if M is totally reflexive. 

(5) If GdlmjiM (respectively, Cldim^M) is finite, then it is equal to depth i? — depth ^^M. 

(6) The inequalities Gdim/jM < CIdim/jM < pd^M hold, and equalities hold to the left 
of any finite dimension. 

(7) If M ^ 0, then Gdim^(l]"M) = sup{Gdim^M - n,0} and CldimR(r]"M) = 
sup{Cldim/j; M — n, 0} hold for all n > 0. 

(8) If is a Gorenstein ring (respectively, a complete intersection), then Gdim^jM (re- 
spectively, Cldirri/jM) is finite. If Gdirri/jA; (respectively, Cldim^A;) is finite, then R is 
a Gorenstein ring (respectively, a complete intersection). 

(9) If Cldim^jM < oo, then cxrM < oo. 



This section contains the key definition and establishes several results. More precisely, 
we will give the definition of the radius of a subcategory of modi? for a local ring R, 
and compare it with other notions, such as the dimension of a triangulated category 
defined by Rouquier. We will also explore its relationships with representation types of a 
Cohen-Macaulay local ring. 

Definition 2.1. Let i? be a local ring. 

(1) For a subcategory X of mod R we denote by [X] the additive closure of the subcategory 
of modi? consisting of i? and all modules of the form Q^X, where i > and X ^ X. 
When X consists of a single module X, we simply denote it by \X\. 

(2) For subcategories X ,y of modi? we denote X o y the subcategory of modi? 
consisting of the i?-modules M which fits into an exact sequence — )■ X — )■ M — )■ 
r ^ with X e A' and F G 3^. We set A" • 3^ = ^X\ o [3^]]. 

(3) Let C be a subcategory of modi?. We define the hall of radius r centered at C as 



If C consists of a single module C, then we simply denote [C]r by [C]r, and call it the 
ball of radius r centered at C. We write [C]^ when we should specify that modi? is 
the ground category where the ball is defined. 



length. 



2. Definition of the radius of a subcategory 




(r = l), 
(r > 2). 
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Some similar notions have already been introduced. In [231 Definition 3.1] the second 
author defines the subcategory res" X of the resolving closure res A" of a given subcategory 
X of mod R. This is different from ours in that res" X is not closed under syzygies. In 
[6] the thickening thick" X of a given subcategory A' of a triangulated category is defined. 
This cannot be applied directly to a module category. 

Proposition 2.2. Let R be a local ring. 

(1) Let X, y be subcategories of mod R. The following are equivalent for an R-module M: 

(a) M belongs to X • y; 

(b) There exists an exact sequence 0— t-O of R-modules with X G [X] 
and Y G \y] such that M is a direct summand of Z . 

(2) For subcategories X, y, Z of mod R, one has {X •y) • Z = X • {y • Z) . 

(3) Let C be a subcategory of mod R, and let a,b be positive integers. Then one has 

[Cl*[C],= [CUb=[C]t*[C]a. 

Proof. (1) The implication (b) =^ (a) is obvious. To prove the opposite implication (a) 
=^ (b), let M be an i?-module in X • y = [[X] o [y]]. By definition, M is isomorphic to 
a direct summand of R®^ © 0r=o(^*^i)®'^'' where p,qi >0 and Zi G [X] o [y]. For each 
< i < n there is an exact sequence — ?■ Xj — )■ — ?■ — )■ with Xj G [X] and Yi G [y] . 
Taking syzygies and direct sums, we have an exact sequence 

n n n 

O^R®P® 0(fi*Xi)®^' -> R®P © ^{Q'Zif^^ © i?®" ^ ^{a'Yi)®"^ 0. 

i=0 i=0 i=0 

The left and right terms are in [X] and [3^], respectively. The middle term contains an 
i?-module isomorphic to M. Thus the statement (b) follows. 

(2) First, let M be an i?-module in [X •y) • Z. By the assertion (1) there is an exact 
sequence O^wAv^Z^O with W e X my and Z e [Z] such that M is a direct 
summand of V. By (1) again, we have an exact sequence 0— J-X— — >y— )-0 with 
X G [X] and Y G [y] such that is a direct summand of U. Writing U = W ® W, we 
make the following pushout diagram. 


X X 



> W®W' V®W' > Z > 

> Y > T > Z > 
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The bottom row implies that T is in y • Z, and it follows from the middle column that 
M belongs to X • (y • Z). Hence we have {X •y) • Z C X • {y • Z). 

Next, let M be an i?-module in X»{y»Z). Then it follows from (1) that there is an exact 

sequence ^ X ^0 with X e[X] andW ey»Z such that M is a direct 

summand of V. Applying (1) again, we have an exact sequence 0— t-I^— >f/ — J-Z— )-0 
with Y e [3^] and Z e [Z] such that W is a direct summand of U. Write U = W ® W, 
and we have a puUback diagram: 



> X > T > Y > 



> X y V®W' W®W' y 

z z 





We see from the first row that T is in A" • 3^, and from the middle column that M is in 
{X»y)» Z. Therefore X • {y • Z) C {X • y) • Z holds. 

(3) It is enough to show the equality [C]a • [C]b = [C]a+b- We prove this by induction on 
b. It holds by definition when 6=1. Let b > 2. Then we have 

[C]a • [C]t, = [C]a • mt-l • C) = {[C]a • • C = • C = 

where the second equality follows from (2), and the induction hypothesis implies the third 
equality. ■ 

Let C be a subcategory of modi? and r > an integer. By the second and third 
assertions of Proposition \2.2\ without danger of confusion we can write: 

r 

[C]^ = C» 

Now we can make the definition of the radius of a subcategory. 

Definition 2.3. Let i? be a local ring, and let A" be a subcategory of modi?. We define 
the radius of X, denoted by radius Af, as the infimum of the integers n > such that 
there exists a ball of radius n + 1 centered at a module containing X. By definition, 
radius A" e NU {cx)}. 

The definition of the radius of a resolving subcategory looks similar to that of the 
dimension of a triangulated category which has been introduced by Rouquier (cf. [121 
Definition 3.2]). The stable category CM (R) of Cohen- Macaulay modules over a Goren- 
stein local ring R is triangulated by [9l [Hj, and the dimension of CM (R) in the sense of 
Rouquier is defined. It might look the same as the radius of CM(i?) in our sense. 
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However there are (at least) two differences in the definitions: 

(1) A defining object for dimCM(-R) is required to be inside the category CM(-R), but a 
defining object for radius CM(i?) is not, i.e., it is enough to be an object of modi?. 
More precisely, dimCM(i?) (respectively, radius CM(i?)) is defined as the infimum 
of the integers n > such that CM(i?) = {G)n+i for some object G (respectively, 
CM{R) C [C]n+i for some object C). Then G must be an object of CM{R), while C 
may not be an object of CM{R), just being an object of modi?. 

(2) Let X and y be subcategories of CM(i?) and CM(i?), respectively. Then the subcat- 
egory (3^) of CM (R) is closed under taking cosyzygies of Cohen- Macaulay modules 
in it, but the subcategory [X] of CM(i?) is not in general. (In fact, this difference 
is a reason why we can prove Proposition 12.51 below but do not know whether the 
analogue for dimension holds or not; see Question 12.61 below.) 

Thus these two notions are different, but they are still related to each other. In fact, 
we can show that the following relationship exists between them. 

Proposition 2.4. Let R be a Gorenstein local ring. 

(1) One has the inequality dimCM(i?) < radius CM(i?). 

(2) The equality holds if R is a hypersurface. 

Proof. (1) We may assume that n := radius CM(i?) < oo. Then there exists an i?-module 
G such that CM{R) is contained in the ball [C]„+i. 

We claim that CM{R) = [Q-'^n'^G] n+i holds, where d = dim R. This claim implies 
CM(R) = {Q'^G)n+i, which shows dimCM(i?) < n. 

In the following, we show this claim. Since Q^'^Q'^G is a Cohen-Macaulay i?-module, 
and CM(i?) is a resolving subcategory of modi?, the inclusion CM(i?) 3 [Q~'^Q'^G]n+i 
hold. To get the opposite inclusion, it is enough to prove that for every m > 1 and 
M G [G]m we have Vf^^l'^M E ['[l^^'-Q^G]m- Let us prove this by induction on m. The 
case m = 1 is obvious, so let m > 2. According to Proposition 12.2( 1). there is an 
exact sequence 0— j-X— t-Z— >0of i?-modules with X G [C]m_i and Z G [G] 
such that M is a direct summand of Y. Taking the d-th syzygies, we have an exact 
sequence fi'^X r^'^F © i?®' ^I'^Z of Cohen-Macaulay i?-modules. Since i? 
is Gorenstein, taking the d-th cosyzygies makes an exact sequence 

of Cohen-Macaulay modules. The induction hypothesis implies Q~'^Q'^Z G [Q^'^Q'^G] and 
n-'^n'^X G [n-'^n'^G]m^i. since n-'^n^^M is a direct summand of Q-'^Q'^Y, it belongs to 

[^"'^''G]m. 

(2) Let n := dimCM(i?) < oo. We find a Cohen-Macaulay i?-module G such that 
CM(i?) = {G)n+i- We want to prove that CM(i?) = [G]n+i holds, and it suffices to show 
that for every m > 1 and M G {G)m we have M G [G]m- Let us use induction on m. 
The case m = 1 follows from the fact that QN = Q~^N up to free summand for each 
Cohen-Macaulay i?-module N, since i? is a hypersurface. When m > 2, there exists an 
exact triangle X -> F ^ Z ^ SX in CM(i?) with X G {G)m~i and Z G (G) such that M 
is a direct summand of Y. Then we have an exact sequence — i- X — F © R®^ — t- Z — 
of i?-modules, and we are done by applying the induction hypothesis. ■ 
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In the rest of this section, we will study the relationships between the representation 
types of a Cohen-Macaulay local ring and the radius of the category of Cohen- Macaulay 
modules. Recall that a Cohen-Macaulay local ring R is said to be of finite (respectively, 
countable) Cohen-Macaulay representation type if CM(i?) has only finitely (respectively, 
countably but not finitely) many indecomposable modules up to isomorphism. 

We can describe the property of finite Cohen-Macaulay representation type in terms of 
a radius. 

Proposition 2.5. Let R he a Gorenstein Henselian local ring. The following are equiva- 
lent: 

(1) One has radius CM(i?) = 0; 

(2) The ring R has finite Cohen-Macaulay representation type. 

Proof. (2) ^ (1): If Mi, . . . , are the nonisomorphic indecomposable Cohen-Macaulay 
i?-modules, then we have CM(i?) = [Mi © • ■ ■ © M^]. 

(1) =^ (2): There is an i?-module C satisfying CM{R) C [C]. Setting d = d\mR, we 
have CM{R) = [Q-'^n'^C]. Replacing C with fi-'^fi'^C, we may assume that CM{R) = [C] 
with C being Cohen-Macaulay. 

Note that since R is Henselian, the Krull-Schmidt theorem holds, i.e., each i?- module 
uniquely decomposes into indecomposable i?- modules up to isomorphism. Let Ci, . . . , C„ 
be the indecomposable direct summands of C. We may assume that C = Ci © • ■ ■ © C„. 
Since R is Gorenstein, taking syzygies preserves indecomposability of nonfree Cohen- 
Macaulay i?-modules. We see that the set of nonisomorphic indecomposable Cohen- 
Macaulay i?- modules is 

{R} U{n'Cj \ i>0,l<j<n}. 

We may assume that for all i > and 1 < j ^ j' < n we have f2*Cj ^ Cj', because if 
Q'^Cj = Cj' for some such i,j,j', then we can exclude Cj' from C. Now fix an integer 
j with 1 < j < n. As taking cosyzygies preserves indecomposability of nonfree Cohen- 
Macaulay -R-modules, Q~^Cj is isomorphic to Q°'Cb for some a > and 1 < b < n. Taking 
the a-th cosyzygies, we have Q~^~"'Cj = C^, hence Cj = Q^^"'Cb. This forces us to have 
b = j, which says that Cj is periodic. Hence there are only finitely many indecomposable 
Cohen-Macaulay i?-modules. ■ 

Question 2.6. Does the equality in Proposition 12.4( 1) hold true? If it does, then Propo- 
sition 12.51 will say that a Gorenstein Henselian local ring R has finite Cohen-Macaulay 
representation type if and only if dim CM (-R) < 0. This statement is a partial general- 
ization of Minamoto's theorem [181 Theorem 0.2], which asserts that the same statement 
holds for a finite-dimensional selfinjective algebra over a perfect field, extending Yoshi- 
waki's recent theorem [27t Corollary 3.10]. 

The next result hints at further relationship between finite radius of CM[R) and more 
well-known classification of singularities. 

Proposition 2.7. Let R be a complete local hypersurface over an algebraically closed field 
of characteristic not two. Assume that R is of countable Cohen-Macaulay representation 
type, r/ien radius CM(i?) = 1. 
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Proof. It follows from [Tl Theorem 1.1] that there exists an i?-module X such that for every 
indecomposable module M G CM{R) there is an exact sequence — )■ L — )■ M © i?" — > 
N ^ with L,N e {0,X,nX}. This shows that CM{R) = [Xja. Now we see from 
Proposition 12.51 that the radius of CM{R) is equal to one. ■ 

3. FiNITENESS OF THE RADIUS OF A RESOLVING SUBCATEGORY 

In this section we state our guiding conjecture and first main result. 

Conjecture 3.1. Let i? be a Cohen-Macaulay local ring. Let A* be a resolving subcate- 
gory of mod R with finite radius. Then every i?-module in X is Cohen-Macaulay. 

Remark 3.2. The converse of Conjecture 13.11 also seems to be true. We consider this in 
Section [51 

Let A" be a subcategory of mod R. We denote by res X (or res/j X) the resolving closure 
of X, namely, the smallest resolving subcategory of modi? containing X. If X consists 
of a single module M, then we simply denote it by resM (or res/jM). For a prime ideal 
p of R, we denote by Xp the subcategory of mod Rp consisting of all modules of the form 
Xp, where X & X. The first main result of this paper is the following theorem. 

Theorem 3.3. Let R be a commutative Noetherian ring. Let X he a resolving subcategory 
of mod R. Suppose that there exist a prime ideal p of R with htp > and an Rp-module 
M with 7^ M G addij^ Xp which satisfy one of the following conditions. 

(1) pM = 0. 

(2) < GdirriRp M = n < oo and f^^Jfi^^M G addn^ Xp. 

(3) < Gdim/jp M < oo and resijp(fi^ M) is a thick subcategory ofQ{Rp) for some n > 0. 

(4) < Cldim^p M < oo. 

Then X has infinite radius. 

The proof of this theorem will be given in the next section. As a direct consequence of 
the above theorem, we obtain two cases in which our conjecture holds true. 

Corollary 3.4. Conjecture \3. 1\ is true if 

(1) R is a complete intersection, or 

(2) R is Gorenstein, and every resolving subcategory of mod R contained in CM{R) is a 
thick subcategory ofCM{R). 

Proof. Conjecture 13.11 trivially holds in the case where R is Artinian, so let {R, m, k) be 
a Cohen-Macaulay local ring of positive dimension. Then we have htm > 0. Let X be 
a resolving subcategory of mod R, and suppose that X contains a non-Cohen-Macaulay 
-R-module M. 

(1) We have < dimi? - depth^M = depth i? - depth^M = Cldimj^M < oo, and 
Theorem 13.3( 4) implies that X has infinite radius. 

(2) We have < n := dim /? - depth^ M = depth R - depth^ M = Gdirri/j M < oo. The 
module f2^M is Cohen-Macaulay, and by assumption resi?(i7^M) is a thick subcategory 
of CM{R) = Q{R). Theorem 13.3( 3) implies that X has infinite radius. ■ 
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4. Proof of Theorem I 

This section is devoted to give the proof of Theorem 13.31 (hence of Theorem I from 
Introduction), which we break up into several parts. Most of them also reveal properties 
of subcategories of modi? which are interesting in their own right. 

First of all, we make a remark to reduce our theorem to the local case. 

Remark 4.1. Let C be an i?-module, n > an integer and p a prime ideal of R. Then 
for a subcategory X of modi? the implication 

X<Z[C]^ ^ addK, C 

holds. It follows from [211 Lemma 4.8] that add^p is a resolving subcategory of mod i?p. 
(The ring R in |2l| Lemma 4.8] is assumed to be local, but its proof does not use this 
assumption, so it holds for an arbitrary commutative Noetherian ring.) Hence, to prove 
Theorem 13.31 without loss of generality we can assume (i?, p) is a local ring with dim i? > 
and M is an i?-module with 7^ M G A". 

4.1. Proof of Theorem 13.3( 1). First, we investigate the annihilators of torsion sub- 
modules. For an ideal I of R and an i?- module M, we denote by ri[M) the I -torsion 
submodule of M. Recall that r/(M) is by definition the subset of M consisting of all ele- 
ments that are annihilated by some power of i, and the assignment M 1— )■ r/(M) defines 
a left exact additive covariant functor F/ : mod R — )■ mod R. 

Lemma 4.2. Let I be an ideal of R. Let C, M be R-modules and n > 1 an integer. If M 
belongs to [C]n, then one has Ann/jF/(M) D (AnnijF/(i?) ■ Ann^j F/(C))"'. 

Proof. Let us prove the lemma by induction on n. 

When n = 1, the module M is isomorphic to a direct summand of {R © ©iLo^*^)®^ 
for some a,b > 0. Hence F/(M) is isomorphic to a direct summand of {ri{R) © 
0"=Q F7(f2*C))®^. For i > I, the syzygy Q^C is a submodule of some free module 
i?®^% and r/(fi*C) is a submodule of Tj{R)®'^\ which implies that Ann/?, r/(fi*C) con- 
tains AnunTjlR). Hence we obtain 

AnuRTjiM) D AnnnTjiR) n {f]'^^^AnnRTj{n'C)) 

= AnnRTj{R) n AnnRTi{C) 3 AnnRTi{R) ■ AnnRTi{C). 

Let n>2. Then M is in [C]„ = [C]„_i • [C], and Proposition 12.2( 1) says that there is 
an exact sequence 0— J-X— J-F— i-Z— j-O with X G [C]„_i and Z G [C] such that M is 
a direct summand of Y. We have an exact sequence — )■ Tj{X) — )• Tj(Y) — )■ Tj{Z), and 
therefore we obtain 

Annfir,(M) D AnnRTj{Y) D Ann^ r,(X) ■ Ann^ r,(^) 

D (AnnfiF,(i?) ■ Ann^ r,(C))"-i ■ {AnnRTi{R) ■ Ann^r,(C)) 

= (AnnBr,(i?)-Ann^r,(C))", 

which is what we want. ■ 

Let (i?, m) be a local ring, and let M be an i?-module. We denote by ii{M) the 
Loewy length of M, which is by definition the infimum of the intergers n > such that 
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m"M = 0. Obviously, ii{M) is finite if and only if M has finite length. There is a 
relationship between finite radius and Loewy length: 

Proposition 4.3. Let {R, m) be a local ring, and let X be a resolving subcategory of 
mod-R. //radius A" < oo, then supxexi^^O^mi^))} < oo. 

Proof. Put r = radius A". By definition, there exists an _R-module C such that [C]r+i 
contains X. Let X be a module in X. It follows from Lemma 14.21 that the an- 
nihilator Annrm(X) contains the ideal (Annrn^(i?) ■ Annrn^(C))''"^^. As T^iR) and 
Tm{C) have finite length, they have finite Loewy length. Set a = iiiT^^R)) and 
b = UiTmiC)). Then Annrn,(X) contains rn^'^+b)ir+i) ^ ^hich means that ££(r^(X)) is 
at most (a + 6)(r + 1). Since the number (a + 6)(r + 1) is independent of the choice of X, 
we have sup^g;t'{^^(rm(^))} < {a + b){r + 1) < oo. ■ 

The following is the essential part of Theorem 13.3( 1). 

Theorem 4.4. Let {R,m.,k) be a local ring of positive dimension. Let X be a resolving 
subcategory of mod R. If X contains k, then X has infinite radius. 

Proof. We claim that i?/m* belongs to X for all integers i > 0. Indeed, there is an exact 
sequence — )■ rri*~^/rri* — )• i?/m' — )• -R/m*~^ — )■ 0, and the left term belongs to X as it is a 
/c-vector space. Induction on i shows the claim. 

We have ii{Tm{R/m'^)) = ii{R/m^) = i, where the second equality follows from 
the assumption that d\m R > 0. Therefore it holds that supxexi^K^mi^))} ^ 
supj>Q{££(rn^(i?/m*))} = supj~^o{0 = ^5 which implies radius A* = oo by Proposition 

m ■ 

Now, let us prove Theorem 13.3( 1). By Remark |4. 11 we may assume that {R, p) is a local 
ring with dim R > and that M is a nonzero i?-module in X. The assumption pM = 
says that M is a nonzero /c-vector space, where k = R/p is the residue field of R. Since 
X is closed under direct summands, k belongs to X. Theorem 14.41 yields radius A" = oo. 

4.2. Proof of Theorem 13.31 (2) (3). Establishing several preliminary lemmas and propo- 
sitions are necessary, which will also be used in the proof of Theorem 13.3( 4). 
We begin with stating an elementary lemma, whose proof we omit. 

Lemma 4.5. Let {R,m,k) be a local ring. Let — )■ L — )■ Af — — t- 5e an exact 
sequence of R-modules. Then one has inf {depth L, depth A^} = inf {depth M, depth A^}. 

For an ideal I of i?, we denote by V{I) (respectively, D{I)) the closed (respectively, 
open) subset of Speci? defined by / in the Zariski topology, namely, V{I) is the set of 
prime ideals containing I and D{I) = Speci? \ V{I). For an i?-module M we denote 
by NF(M) the nonfree locus of M, that is, the set of prime ideals p of R such that the 
i?p-module Mp is nonfree. It is well-known that NF(M) is a closed subset of Spec R. 

The next result builds, out of each module in a resolving subcategory and each point in 
its nonfree locus, another module in the same resolving subcategory whose nonfree locus 
coincides with the closure of the point. Such a construction has already been given in [23l 
Theorem 4.3], but we need in this paper a more detailed version. Indeed, the following 
lemma yields a generalization of [231 Theorem 4.3]. 
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Lemma 4.6. Let M be an R-module. For every p G NF(M) there exists X G resM 
satisfying NF(X) = V{p) and depth Xq = inf {depth Mq, depth R^} for all q G V'(p). 

Proof. Note that \/(p) is contained in NF(M). If \/(p) = NF(M), then we can take 
X := M ® R- Suppose V^(p) is strictly contained in NF(M). Then there is a prime ideal 
r in NF(M) that is not in V^(p). Choose an element x G p \ r. By [231 Proposition 4.2], 
we have a commutative diagram with exact rows 











VLM 



F 



^ M 



^ 



N 



M 



-> 



where F is free, V{p) C NF(X) C NF(M) and D{{x)) n NF(X) = 0. The second row 
shows that N belongs to resM. Since x is in D{{x)), it is not in NF(X), and we have 
V{p) C NF{N) C NF(M). 

Now we claim that depth Xq = inf {depth Mq, depth i?q} for all q G ^(p). Indeed, local- 
izing the above diagram at q and taking long exact sequences with respect to Ext, we get 
a commutative diagram with exact rows 



(3) 



-> E\{SIM\) 
(1) 

> E\{nM\) 



(2) 



(4) 



Ext^ (^(q), — )• As X is an element of q, the maps (1),(2) are 



E^-i(Mq 
for i G Z, where 

zero maps, and so are (3), (4). Thus we have a short exact sequence 

^ Ext^(K(q), iVlM)^) Ext*(/s:(q), iVq) ^ Ext*(K(q), Mq) ^ 

for each integer i. It is easy to see from this that the first equality in the following 
holds, while the second equality is obtained by applying Lemma H75] to the exact sequence 

^ (^]M)q ^ Fq ^ Mq ^ 0. 

depth Xq = inf {depth (l]M)q, depth Mq} = inf {depth i?q, depth Mq}. 

Thus the claim follows. 

If V{p) = NF(X), then we can take X := N. If V^(p) is strictly contained in NF(iV), 
then the above procedure gives rise to an i?-module L G resX (hence L G resM) with 
V{p) C NF(L) C NF(X) C NF(M) such that depth Lq = inf {depth Xq, depth i?q} = 
inf {depth Mq, depth i?q} for all q G V"(p). Since Speci? is a Noetherian space, iteration of 
this procedure must stop in finitely many steps, and we eventually obtain such a module 
X as in the lemma. ■ 



The next lemma will play a crucial role in the proofs of our theorems. The main idea 
of the proof is similar to that of Lemma 14.21 but a much closer examination is necessary 
to be made. 
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Lemma 4.7. Let S ^ R be a homomorphism of rings. Let C,M be R-modules with 
M G [C]^, and let N be an S-module of injective dimension m < oo. Then one has 

n,>o Ann5 Ext^M, N) = Ann^ Ext^M, N) 

D {YlT=i Ann^ Exti,{R, N) ■ Ann^ Ext's(C, AT))-. 

Proof. For each integer i < 1 and i?-module L, set = Ann^ Ext5(L, A^). Note that 
a'l = S for all /i > m since Ext^(L, A^) = 0. It suffices to prove that ^ (\TjLi ^r'^c)"'- 
Let us proceed by induction on n. 

When n = 0, we have M = 0, and the above two ideals coincide with S. 

Let n = 1. Then M is isomorphic to a direct summand of a finite direct sum of copies 
of i? © (©j=o^"'^)- Hence Ext5(M, A^) is isomorphic to a direct summand of a finite 
direct sum of copies of Ext'5(i?, A^) © (0'.^o Ext*5(fi^C, A^)). Thus we have aij ^ a^f] 
{r(j=o '^Lc) ■ ^^^^ i > 1 there is an exact sequence fi-'C i?®^^ Q^'^C 0, 
which induces an exact sequence Ext'5(i?, A^)®'=^ -> Exti.{n^C,N) Extf\n^-^C,N). 
This gives 

ttQ^iC — "i?"nJ-iC — ^R^R ^w-^c ^ ■ ■ ■ ^ '^i?'l_R ■ ■ ■ t^ij ■ 

Regarding a'jija^^ ■ ■ ■ a^-^'^a^j^-' as a^^- when j = 0, we have a^j^ ^ "^fiC^it^ ' ' ' '^/^'^"^'^c''' 
for all J > 0. Thus we obtain: 

Am ^ n (Hj.^o t^/jt^ij ■■■^R (^c)^\^R^R ■■■^R^R ■■■)\^c^c ■■■^c^c ■■■) 

Now let us consider the case where n > 2. We have M G = [C]„_i • [C], and by 
Proposition 12.2( 1). there exists an exact sequence 0— t-X— t-F— t-Z— >0 with X G [C]„_i 
and Z G [C] such that M is a direct summand of Y. Using the induction hypothesis, we 
have 

which completes the proof of the lemma. ■ 
Here we prepare a lemma, which is an easy consequence of Krull's intersection theorem. 

Lemma 4.8. Let (-R, nx) be a local ring and M an R-module. Then Ann/jM = 
n,>oAnnR(M/mW). 

Now we can prove the following proposition, which will be the base of the proofs of our 
theorems. Actually, all of them will be proved by making use of this proposition. 

Proposition 4.9. Let {R, m, k) be a local ring. Let X be a resolving subcategory of mod R. 
If X contains a module M such that < pd^M < oo, then one has radius = oo. 

Proof. Applying Lemma [4.61 to m G NF(M), we find a module X G resM C X satisfying 
NF(X) = {m} and depth X = inf {depth M, depth i?}. Since M has finite projective 
dimension, the depth of M is at most that of R. Hence we have depth X = depth M. Note 
that the subcategory of modi? consisting of i?-modules of finite projective dimension is 
resolving. Since it contains M, it also contains resM. This implies that X has finite 
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projective dimension, and we have pd^ X = depth R — depth X = depth R — depth M = 
pd^ M. Thus, replacing M with X, we may assume that M is locally free on the punctured 
spectrum of R. Taking the n-th syzygy of M where n = pd^ M — 1 > 0, we may also 
assume that the projective dimension of M is equal to 1. 

Now Ext)j(M, R) is a nonzero i?- module of finite length, and we can choose a socle 
element 7^ a G Ext^(M, R). It can be represented as a short exact sequence: 

a:O^R^N^M^O. 

The module belongs to X, is locally free on the punctured spectrum of R and has 
projective dimension at most 1. Hence pd^ = 1 if and only if Ext]^{N, R) 7^ 0. Applying 

the functor Homi:j(— , R), we get an exact sequence R A Ext}j(M, R) — )■ Ext^(A^, R) — )■ 0, 
where / sends 1 G R to a E Ext^(M, R). Hence we obtain an exact sequence 

^ A; ^ Ext^(M, R) Ext^(A^, R) 0. 

This implies length(Ext)j(A^, = length(ExtK(M, - 1. Replacing M by A^ and 
repeating this process if length (Ext^ (A^, i?)) > 0, we can assume that Ext)j(A^, R) = 0. 
Therefore Ext^(M,i?) ^ k. Since pdj^M = 1, we easily get an isomorphism TrM = k. 
Taking the transpose of this isomorphism, we see that Tik is isomorphic to M up to free 
summand (cf. [3, Proposition (2.6)(d)]). It follows that Trk belongs to X. 

We claim that TrL is in X for any i?-module L of finite length. This is shown by 
induction on length L. If length L > 0, then there is an exact sequence L' ^ L ^ 
k ^ 0, and applying [3l Lemma (3.9)] (see also [251 Proposition 3.3(3)]), we have an exact 
sequence 

= {L'y Trk TrL © i?®" ^ TrL' ^ 0, 

where the equality follows from the fact that R has positive depth. (As R possesses a 
module of finite positive projective dimension, the depth of R is positive.) The induction 
hypothesis implies TrL' G X, and the above exact sequence shows TrL G Af, as desired. 

Now, assume that we have radius A* = r < 00. We want to deduce a contradiction. 
There is a ball [C]^_,_^ that contains X. Since X contains Tr/j(i?/m*) for all i > 0, the 
ball [C]f^_]^ also contains it. Taking the completions, we have Tr^(i?/m*-R) G [C]^;^ for all 
i > 0. By virtue of Cohen's structure theorem, there exists a surjective homomorphism 
5 — )■ i? such that 5* is a Gorenstein local ring with dimS* = dimi? =: d. Let n denote the 
maximal ideal of S and note that we have R/vci^R = R/xfR for any z > 0. Lemma (4.71 
gives an inclusion relation 

n,>o Ann5 ExtMTr^(^/n'^), S) D (UU Anns Ext^R, S) ■ Anns Ext],{d, S)Y+\ 

Fix an integer i > and let ai, . . . , be a system of generators of the ideal n* of S. 
There is an exact sequence i?®™ (ai,.--,am)^ ^ _^ Rjn^R — )• of i?-modules. Dualizing this 
by R induces an exact sequence 



= Hom^(i?/n*i?, R) ^ R ^"'"^ > R®"^ i:i^{R/xCR) 0, 
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where the equahty follows since depth R = depth R > 0. This makes an exact sequence 

Hom5(^, 5)®"^ i^iiz^ Hom5(^, S) ^ Ext^(Tr^(^/n'i?), 5), 

which yields an injection RomsiR, S)/n' RomsiR, S) Ext^(Tr^(^/n*^), S). Thus 

Ann5(Hom5(^, ^)/n^ Hom5(^, S)) D Anns{Extl{TT^{R/n'R), S)) 

D f],^,AnnsExt\,{TT^{R/n^R),S) D {Ut A^^s Ext], {R, S) ■ Anns Ext], {d, S)Y+\ 

and we obtain 

(nti Anne, Ext^i?, S) ■ Ann^ Ext1,(5, S)Y+^ 
C n,>oAnn5(Hom5(^, S)/n'}loms{R, S)) = Anns Horns {R, S), 

where the equality follows from Lemma I4.8[ 

Let I be the kernel of the surjection S ^ R. Since dim S = d = dim R, the ideal I oi S 
has height zero. Hence there exists a minimal prime ideal p of 5* which contains /. Since we 
have a ring epimorphism from the Artinian Gorenstein local ring Sp to Rp, the i?p-module 
Hom5(i?, S)p = B.om.s^{Rp, Sp) is isomorphic to the injective hull of the residue field of Rp, 
which is in particular nonzero. This implies that p contains the ideal Ann^ Hom5'(i?, S). 
Therefore, for some integer 1 < / < the ideal p contains either Ann^ Ext^(i?, S*) or 
Ann5Ext5(C', S). If p contains Ann^ Ext5(i?, S), then we have Extg^(i?p, Sp) ^ 0, which 
contradicts the fact that Sp is injective as an Sp-module. Similarly, we have a contradiction 
when p contains Ann^ Ext'^(C*, S). This contradiction proves that radius = oo. ■ 

Now we can show the essential part of Theorem 13 . 3 ( 2 ) ( 3 ) . 

Theorem 4.10. Let R be a local ring with dim R > 0. Let X be a resolving subcategory of 
modi?. One has radiusA:' = oo if there exists a module M G A" with < Gdim/jM < oo 
that satisfies either of the following conditions. 

(1) n^'^nm e X, where g = Gdim^M. 

(2) res(i7"M) is a thick subcategory of Q{R) for some n > 0. 



Proof. According to Proposition 14. 9t it suffices to show that X contains a module of 
projective dimension one. 

(1) We consider a construction whose idea essentially comes from the Auslander- 
Buchweitz approximation theorem [U Theorem 1.1]. There are exact sequences — t- 
VL^M R®" Qs-iM ^ and ^ Qm i?®^ -> Q-^fim 0, where the latter is 



THE RADIUS OF A SUBCATEGORY OF MODULES 



17 



possible as Q^M is a totally reflexive module. We make the following pushout diagram. 





> fim y y fls-^M > 



> i?®^ > N 



Q9-^M > 





As il^^il^M is totally reflexive, we have Ext]^[il^^il^ M, R) = 0. Hence the second column 
in the above diagram splits, and we get an exact sequence — > R®^ — )■ it!®"©Q~^Q^M — > 
Qs-^M 0. There is an exact sequence Q-^Qsm R®" Q-^QSM 0, and 
taking the direct sum with — )■ -R®° ^ i?®" — )• — )> 0, we have an exact sequence 
R®" © n-^n^M i?®(»+c) n-^nsM 0. Thus the following pushout diagram is 
obtained. 


> R®^ > i?®«©Q-^QSM y Q»-^M > 

> R®'' > ]i(B{a+c) y 2. ^ 





As Q^^^M and Q~'^Q^M are in X, the module L is also in X. The second row shows 
that L has projective dimension at most 1. Since Q~'^Q^M is totally reflexive but Q^~^M 
is not, it follows from the second column that L is nonfree. Therefore the projective 
dimension of L is equal to 1. 

(2) Since by assumption resfi^M is a subcategory of G{R), the module is totally 
reflexive. Hence n> g := Gdim/jM. 

Wc claim that rcsl]"M = resr^^M. In fact, since n - ^ > and 1]"M = n''-3{n9M), 
we observe that res r2"M is contained in res Q^M. There is an exact sequence 
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of totally reflexive i?-modules with each Fi being free. Since resf2"M is assumed to be 
thick in Q{R), decomposing the above exact sequence into short exact sequences of totally 
reflexive modules, we see that Q^M belongs to res Q"'M. Therefore res Q^M is contained 
in res f2"M. Thus the claim follows. 

Set X = resf2"M = lesQ^M. Our assumption implies that X is closed under cosyzy- 
gies, whence Q~'^Q^M G X. By (1), we conclude that X contains a module of projective 
dimension 1. ■ 

Now, using Remark 14. II and Theorem I4.10[ we deduce Theorem 13.3( 2) (3). 

4.3. Proof of Theorem 13.31 (4). We use the notion of a module of reducible complexity, 
which has been introduced by Bergh [8]. Let us recall the definition. 

Definition 4.11. The subcategory of modi? is defined inductively as follows. 

(1) Every module of finite projective dimension belongs to C]^. 

(2) A module M with < cxrM < oo belongs to if there exists a homogeneous 
element t] G Ext^(M, M) with jr^l > which is represented by a short exact sequence 
^ M ^ K ^ Q\'i\-'^M with isT G C^, cxiT < cxM and depth K = depth M. 

An i?-module is said to have reducible complexity if it is in C]^. 

The result below is shown in [Sj, Proposition 2.2(i)], which is implicitly stated in [7]. 

Proposition 4.12. Let R be a local ring. Every R-module of finite Cl-dimension has 
reducible complexity. 

In a resolving subcategory, for any fixed integer n > 0, existence of modules of CI- 
dimension n is equivalent to existence of modules of projective dimension n. 

Lemma 4.13. Let R be a local ring. Let X be a resolving subcategory of mod R. Suppose 
that there is a module M & X such that Cldim^M < oo. Then X contains a module N 
with P<^rN = CIdimjjM. 

Proof. Since M has finite Cl-dimension, it has finite complexity. It follows from Propo- 
sition UT2] that M has reducible complexity. If cxM = 0, then pdM < cxd, and we 
can take := M. Hence we may assume cxM > 0. There exists an exact sequence 
Q ^ M ^ K ^ d^'^M with cx K < cxM and depth K = depth M, where rj is a ho- 
mogeneous element of Ext^(M, M). We have K E X and CIdim K = depth _R — depth K = 
depth R — depth M = CIdim M. Replacing M with K and iterating this procedure, we 
can eventually arrive at a module N E X with CIdim A^ = CIdim M and cxA^ = 0. The 
module A^ has finite projective dimension, and we have pd A^ = CIdim A^ = CIdim M. ■ 

Lemma 14.131 and Proposition 14.91 immediately yield the following theorem. This is not 
only the essential part of Theorem 13.3( 4) but also a generalization of Proposition 14.91 

Theorem 4.14. Let R be a local ring with d\m R > 0. Let X be a resolving subcategory 
of mod R. Suppose that there exists a module M E X with < Cldim^jM < oo. Then the 
radius of X is infinite. 



Theorem 13.3( 4) now follows from Theorem 14.141 and Remark 14.11 



THE RADIUS OF A SUBCATEGORY OF MODULES 



19 



4.4. Another proof of Theorem 14.141 In the next theorem, we study the thickness of 
resolving subcategories of modules of Cl-dimension at most zero. This will give another 
proof of Theorem 14.141 

Theorem 4.15. Let R be a local ring. 

(1) Let M be an R-module of CLdimension at most zero. Then Vt~^M belongs to resM. 

(2) Let X be a resolving subcategory of mod R. Suppose that every module in X has 
CLdimension at most zero. Then X is a thick subcategory of Q[K). 

Proof. (1) Proposition 14.121 implies that M has reducible complexity. Let Kq = M and 
let Ki+i be a reduction in complexity of Ki for each i > 0. Then we have a short exact 

sequence i^i A Ki+i Q^^'^^Ki -> with > (see also [Zi Proposition 7.2]), 
and eventually we must have cx^f^g = for some e > 0. Then has finite projective 
dimension. As Cldim/j M = 0, we have depth Ke = depth M = depth R. Therefore Ke is a 
free module. Note that the above exact sequence also shows that 

(4.15.1) /sT, e resM for alH > 0. 

If e = 0, then M is free and we have Q~^M = G resM. So we may assume e > 1. 

We claim that for each < i < e — 1 the cokernel Cj of the composite map /i ■ ■ ■ /i/o : 
M — )■ Ki^i belongs to resM. Let us show this claim by induction on i. When i = 0, we 
have Ci = Q^'^~^M G resM. Let i > 1. We have the following commutative diagram with 
exact rows and columns. 





> M > > Ci-i > 

y M y Ki+i > d > 



The induction hypothesis implies that Cj_i belongs to resM. Since i^^'^^i^'j is in resM 
by fl4.15.ip . the right column shows that Cj is also in resM. Thus the claim follows. 

Now we have a short exact sequence -1 — )■ 0, where Ke 

is free and Ce-i is in resM by the claim. Since M is totally refiexive and Q{R) is a 
resolving subcategory of modi?, all the modules in resM are totally refiexive. Hence all 
modules appearing in the above exact sequence belong to Q{R). It is easy to verify that 
there exists an isomorphism Ce-i = Q~^M © F with F being free. Consequently, Q~^M 
belongs to res M. 

(2) By assumption, A' is a subcategory of Q{R). Thanks to Proposition II. 7[ it is enough 
to show that X is closed under cosyzygies. Let M be an i?- module in X . Then M is of 
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Cl-dimension at most zero, and Q belongs to resM by (1). Since X is resolving and 
contains M, it also contains resM. Thus Q~^M is in X. ■ 

Theorem 14.15( 2) and Proposition 11.71 immediately implies: 

Corollary 4.16. Let R be a local complete intersection. The following two are the same. 

• A resolving subcategory of mod R contained in CM{R). 

• A thick subcategory of CM{R) containing R. 

Now let us give another proof of Theorem 14.141 Let i? be a local ring with dim > 0, 
and let M G X be an i?-module with < Cldirriii; M < oo. Then we have c := CIdim/j M = 
Gdim^M, and Q'^M has Cl-dimension zero. In particular, Q'^M is totally reflexive, and 
hence so is Q-^n^M. We have = C\(i\mR{n^M) = sup{C\(i\mR{n-^n^M) - 1,0}, which 
especially says that Q^^Q'^M has finite Cl-dimension. Therefore C\d\mii{Q^^Q'^M) = 
Gd\mR{Q-^Q^M) = 0, and Theorem KT5\ 1) yields Q-^Q^M e res(fiW) C A". Now 
Theorem 14.10( 1) implies that the radius of X is infinite. 



5. Proof of Theorem II 

In this section we prove the main Theorem II from Introduction. In fact, we can prove 
significantly more general statements (Theorems 15.71 and 15. lip . In order to state and 
prove such results we need to first introduce a couple of definitions related to the concept 
of radius. 

Definition 5.1. Let X,y be subcategories of modi?. We put \X\ = add^Y, and set 
X *y = \ \X\ o |3^||. (The notation "o" was introduced in Definition 12.11 ) For an integer 
r > 0, set 




X\ (r = l), 

X\r-i*X (r>2). 



Let X.,y,Z be subcategories of modi?. We observe that an object M e modi? is in 
A" * 3^ if and only if there is an exact sequence 0— i-X— j-ii^— J-O with X G jA"! and 
Y G |3^| such that M is a direct summand of E. Also, one has {X *y) * Z = X * [y * Z) 
and I Ala * I Alb = I A|a4.fe for all a, 6 > 0. 

Definition 5.2. For a subcategory A of mod we define size A (respectively, rank A) to 
be the infimum of integers n > such that A C |G|„+i (respectively, A = IGl^+i) for 
some G G modi?. 

It always holds that size A < rank A. Since |A|„ C [A]„ for all n > 0, one has 
dim A > radius A < size A. If A is resolving, then dim A < rank A. 
For an i?-module M, we denote by M® an object in add/j M. 

Proposition 5.3. Let I be an ideal of R and let M be an R/ 1 -module. 

(1) There is an exact sequence — i® — )■ QrM — Qr/jM — > 0. 

(2) One has n^M G 1^1/ jM © (0"jj ^y)\n+i for alln>0. 
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Proof. (1) Take a surjection from a free i?-module F to M. Then this factors through a 
surjection F/IF — )■ M. The assertion follows from this. 

(2) We induce on n. Let n > 0. The induction hypothesis shows Q^^Qr/jM G 
\n]i/jM © (0r=ro^f^i?^)U- By (1) we have an exact sequence -> fi^"^/® ^]^M ^ 
fi^'-'^fi/j/zM — 7- 0. Now the assertion follows. ■ 

For > we denote by ^^(mod R) the subcategory of mod R consisting of n-th syzygies 
of i?-modules. For an ideal of R, let f2^(mod R/I) be the subcategory of mod R consisting 
of n-th syzygies of -R-modules annihilated by J. 

Corollary 5.4. Let d = dim R < oo. Suppose that R/p is regular for all p G Min R. Then 
size (mod -R) < oo. 

Proof. There is a filtration -R = /q ^ /i 2 • ■ ■ 2 /n = of ideals of R such that for each 
i one has li/Ii+i = R/pi with pi G Speci?. Choose a minimal prime contained in pi. 
Setting M, = liM/k+iM, we have an exact sequence nj^{Ii+iM) fi^(J,M)©i?® 
flj^Mi — )■ 0. Note that each d-th syzygy i^/q^-module is free. Hence Qj^Mi G |i?/qj©Li|rf+i 
by Proposition [531:2), where Li := ©-Zj^Kqi- Thus Qj^M G | 0^=l(^/q^ © ^^)|n(d+i), 
which implies size fi'^ (modi?) < n{d + 1) < 00. ■ 

Corollary 5.5. Let I be an ideal of R and n > an integer. Then one has 
size (mod -R/J) < (ra + l)(sizefi^y^(modi?//) + 1). In particular, size fi^^^ (modi?//) 
is finite, then so is size (mod i?/i). 

Proof. This is a consequence of Proposition 15.3( 2). ■ 

Lemma 5.6. Let M be an R-module. Let x & R be R-regular. Then 
^r/^r{^rM/xVLrM) = fi^+^M/xfi^+^M for any n>0. 

Proof We use induction on n. Let n > 0. We have fi^y2^(fiM/xfiM) = n"M/x(]"M 
by the induction hypothesis, and hence l]^/^^((]M/xl]M) = ilfl/^jj((]"M/a;(]"M). Note 
that X is n^M-regular. There is an exact sequence — )■ fi^+^M — )■ P — )■ fi^M — )■ of 
i?-modules with P projective, which gives an exact sequence — Q'"''^'^ M / xQ"''^^ M — 
P/xP VtMlxVtM 0. Hence Vt''+^ M / xVt+^ M = VLR/^RiSTM/xVtM). ■ 

Theorem 5.7. Let (i?, tn) be a d-dimensional complete local ring with perfect coefficient 
field. Then one has size i^'^ (modi?) < 00. Hence radius i7'^(modi?) < 00. 

Proof. We use induction on d. When c? = 0, we have modi? = |fc|«{_R), hence 
size(modi?) < U{R) < 00. Let d > I. Take a filtration i? = io 2 • • ■ 2 in = 
of ideals such that for each i one has li/Ii+i = R/pi with pi G Speci?. Sup- 
pose that size n^'^p. (mod i?/pi) < 00 for all i, where di = dimi?/pj. Then we have 
size fi^^p. (mod i?/pj) < 00, since f2^^p. (mod i?/pj) is contained in fi^^p (modi?/pj). Corol- 
lary 15.51 implies sizen^(modi?/pj) < 00. For each i?-module M there is an exact 
sequence — )■ ij+iM — )■ ijM — )■ liM/Ii^iM 0, which gives an exact sequence 
^ Qji{Ii+iM) ^iiliM) © i?® ^ Qji{IiM/Ii+iM) 0. As Q%{I,M/Ii+iM) is 
in f2^(modi?/pj), we have size (modi?) < 00. Thus, we may assume i? is a domain. 
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If R is regular, then Q'^(mod R) = \R\i and sizef2'^(mod-R) = < oo, so we may 
assume that R is singular. By [26^, 5.15] there is an ideal J C m with Singi? = V(J) and 
JExt^+^ (mod -R, mod -R) = 0. Since i? is a domain, we find an element ^ x E J. The 
induction hypothesis guarantees f2^"^^^(modi?/a;/2) C \G\^^^^ for some i?/xi?-module 
G and an integer n > 0. Let M be an i?-module and put = Qj^M. Note that 



X 



is A^-regular as d > 0. Hence N is isomorphic to a direct summand of ^lfi{N/xN) (cf. 
pil Lemma 2.1]). In view of Lemma ESI we have N/xN ^ Vt'^-jlj^{VtRM / xVLrM) E 

0^7^^(modi?/xi?) C \G\^^'''^. Hence N/xN is in which implies nR{N/xN) G 

\^rG\^. Therefore N belongs to \^rG\^, and we obtain ^'^{modR) C {^IrGI^. It now 
follows that size fi"^ (modi?) < oo. ■ 

Lemma 5.8. Let A be an abelian category with enough projectives. Let — ?■ M — )■ C"^ — ?■ 
— i- ■ • ■ — i- C'"'~'^ N ^ be an exact sequence in A with n > 0. Then M is in 



\n+l- 



Proof. We induce on n. The case n = is trivial, so let n > 1. There are two exact 
sequences O^M-^C^^L^OandO^L-^C^-^---^ -> -> 0. 

The induction hypothesis shows L G \Q"'^^N © {®^=q ^^C^'^^)\n- A pullback diagram 
makes an exact sequence — )• QL — > M © i?® — )■ C° — )■ 0. Since QL belongs to \Q'^N © 
(©r=o' ^'^^C'+^)\n, we see that M is in \n^N © (0^^^' n'C')\n+i. ■ 

Corollary 5.9. Let R be a Cohen- Macaulay complete local ring with perfect coefficient 
field. Then sizeCM(i?) < oo. 

Proof. As R is complete, it admits a canonical module u. Theorem 15.71 implies 
size (modi?) =: n < oo, so we have f2'^(modi?) C |G|„+i for some i?- module G. Let 
M be a Cohen- Macaulay i?-module. Then there exists an exact sequence — ?■ M — )■ 

^®^o _^ y ^ffi^d-i _^ jv 0. It follows from Lemma ESI that M is in jfi'^A^ © W\d+i, 

where W := 0j~J fi'^. Since VL'^N G l^ln+i, we have M G |G © W\i^n+i){d+i)- Thus 
sizeCM(i?) < (n + l)(rf + 1) < oo. ■ 

Proposition 5.10. Let R be a Cohen- Macaulay local ring with a canonical module uj. 

(1) rankCM(i?) < (dim i? + l)(size CM(i?) + 1). 

(2) dim CM (i?) < (dim i? + 1) (radius CM (i?) + 1). 

In particular, one has 

rankCM(i?) < oo sizeCM(i?) < oo ^ dim CM(i?) < oo radiusCM(i?) < oo. 

Proof. (1) Let n = sizeCM(i?). We find an i?-module G with CM(i?) C \G\n+i. Let 
d = dimi? and M G CM(i?). Similarly to the proof of Corollary 15.91 there exists A^ G 
CM(i?) such that M is in \n'^N © W\d+i, where W := n'co G CM(i?). Note that 

n'^N G \n'^G\n+i and that A^ G CM(i?). Thus we obtain CM(i?) = © W\(^n+i){d+i), 
and rankCM(i?) < {n + l){d+l). 

(2) In the proof of (1), replace "size", "rank" and "| |" with "radius", "dim" and "[ ]", 
respectively. ■ 
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Theorem 5.11. Let R he a Cohen- Macaulay local ring admitting perfect coefficient field. 
Assume either that R is complete or that R excellent with an isolated singularity. Then 
rankCM(i?) < oo. 

Proof. The former case fohows from CoroUary 15.91 and Proposition 15.101 (1). The latter 
case is handled by the former case and an argument similar to [121 Remark 6.5]. ■ 

6. Some discussions and open questions 

In this section we relate our results to the uniform Auslander condition and discuss 
some open questions. For a local ring i?, Jorgensen and §ega [17] introduced the uniform 
Auslander condition: 

(UAC) : There exists an integer n such that for all i?-modules M, N with 

Ext*R(M, A^) = for alH > one has Ext'^(M, A^) = for all i > n. 

It is known that this condition is satisfied if the local ring R is a complete intersection, 
a Golod ring, a Gorenstein ring with multi? = codimi? + 2, or a Gorenstein ring with 
codim R < 4. Here multi? denotes the multiplicity of R. These are proved in [TTJ Propo- 
sition 1.4], [HI Theorem 4.7], [T5| Theorem 3.5] and [201 Theorem 3.4], respectively. More 
information can be found in [TTl Appendix A]. On the other hand, there exists an example 
of a Gorenstein local ring which does not satisfy (UAC); see [TTl Theorem]. 

The result below says that over a Gorenstein local ring the condition (UAC) is closely 
related to the thickness of resolving subcategories of Cohen-Macaulay modules. 

Proposition 6.1. Let R be a Gorenstein local ring. Assume every resolving subcategory 
of mod R contained in CM{R) is a thick subcategory ofCM{R). Then R satisfies (UAC). 

Proof. Let t > be an integer, and let M, A^ be i?-modules with Ext^(M, A^) = for 
all i > t. We define a subcategory X of modi? to consist of all Cohen-Macaulay R- 
modules X satisfying Ext^(X, A^) = for all i > t. Then A* is a resolving subcategory 
of modi? contained in CM(i?). By assumption, A' is a thick subcategory of CM(i?). Set 
d = dim R. Since Vf^M is in X, so is Q-^Q'^M. We have Ext^(M, A^) = Ext^'^iQ'^M, N) = 
Ext^'^{n\n-^n'^M), N) = Ext^'^+\n-^Q'^M, N) = for all integers i > d. ■ 

There is also a connection between thickness of resolving subcategories of totally re- 
flexive modules and closure under i?-duals. Here we say that a subcategory X of mod R 
is closed under R- duals if for each module M in X its i?-dual M* is also in X. 

Proposition 6.2. (1) Let R be local. Let X be a resolving subcategory of mod R contained 
in Q{R). If X is closed under R- duals, then X is a thick subcategory of Q{R). 

(2) Let R be a local hypersurface. Then every resolving subcategory of mod R contained 
in CM(i?) is closed under R-duals. 

Proof. (1) According to Proposition 11.71 we have only to show that X is closed under 
cosyzygies. Let X & X. There is an exact sequence — )■ Vt{X*) F ^ X* — )• 0, where 
F is free. Dualizing this by i?, we get an exact sequence — )• X — )■ F* — )■ (fi(X*))* — 0. 
Note that {Vt{X*))* is totally reflexive. We easily see that {Vt{X*))* is isomorphic to Vt^^X 
up to free summand. As A" is a resolving subcategory closed under i?-duals, (i7(X*))* 
belongs to X , and so does VL~^X. 



24 



HAILONG DAO AND RYO TAKAHASHI 



(2) It follows from plj Main Theorem] that every resolving subcategory of modi? 
contained in CM(R) can be described as NF^^(iy), where W is a specialization-closed 
subset of Speci? contained in Singi?. If M is an i?- module in NF^^(Vr), then we have 
NF(M*) = NF(M) C W, which shows that NF-^(Vr) also contains M*. ■ 

Now we have reached the following question. 

Question 6.3. Let R he a. Gorenstein local ring. Let us consider the following five 
conditions. 

(1) i? is a complete intersection. 

(2) Every resolving subcategory of mod-R contained in CM{R) is closed under i?-duals. 

(3) Every resolving subcategory of modi? contained in CM(i?) is a thick subcategory of 
CM(i?). 

(4) i? satisfies (UAC). 

(5) Conjecture 13. II is true for R. 

We know that the implications (2) =^ (3) and (1) =^ (3) =^ (4) hold by Propositions 16.11 
16.2( 1) and Corollary 14.161 The implication (1) =^ (2) is also true if i? is a hypersurface 
by Proposition 16.2( 2). Very recently, motivated by the first version of the present paper, 
Stevenson [22] proved that the implication (1) =^ (2) holds in the case where i? is a 
quotient of a regular local ring. Corollary 13.41 says that (3) =^ (5) holds if i? is Gorenstein. 
How about the other implications among these five conditions? 

Remark 6.4. According to a recent preprint by Stevenson [21j (see also [16j), if i? is 
a quotient of a regular local ring by a regular sequence, then one can classify the thick 
subcategories of CM(i?) in terms of "support varieties" . Thus, one can also classify the 
resolving subcategories of modi? contained in CM(i?) by using Corollary 14.161 and p4l 
Proposition 6.2]. In relation to this, the resolving subcategories over a regular ring can 
be classified completely. This classification theorem is stated and proved in [T3] . 

Acknowledgments 

The authors would like to thank Luchezar Avramov, Jesse Burke, Craig Huneke, Osamu 
lyama, Srikanth Iyengar and Greg Stevenson for their valuable comments. This work was 
done during the visits of the second author to University of Kansas in May, July and 
August, 2011, and July, 2012. He is grateful for their kind hospitality. The authors also 
thank the referees for their useful comments. 

References 

[1] T. Araya; K. lima; R. Takahashi, On the structure of Cohen- Macaulay modules over hypersurfaces 
of countable Cohen- Macaulay representation type, J. Algebra (to appear). 

[2] M. Auslander, Anneaux de Gorenstein, et torsion en algebre commutative, Seminaire d'Algebre 
Commutative dirige par Pierre Samuel, 1966/67, Texte redige, d'apres des exposes de Maurice Aus- 
lander, Marquerite Mangeney, Christian Peskine et Lucien Szpiro, Ecole Normale Superieure de 
Jeunes Filles, Secretariat mathematique, Paris, 1967. 

[3] M. Auslander; M. Bridger, Stable module theory, Mem. Amer. Math. Soc. 94 (1969). 

[4] M. Auslander; R.-O. Buchweitz, The homological theory of maximal Cohen- Macaulay approxima- 
tions, Colloque en I'honneur de Pierre Samuel (Orsay, 1987), Mem. Soc. Math. France (N.S.) 38 
(1989), 5-37. 



THE RADIUS OF A SUBCATEGORY OF MODULES 



25 



[5] L. L. Avramov; R.-O. Buchweitz, Support varieties and cohomology over complete intersections, 

Invent. Math. 142 (2000), no. 2, 285-318. 
[6] L. L. Avramov; R.-O. Buchweitz; S. B. Iyengar; C. Miller, Homology of perfect complexes, Adv. 

Math. 223 (2010), no. 5, 1731-1781. 
[7] L. L. Avramov; V. N. Gasharov; I. V. Peeva, Complete intersection dimension, Inst. Hautes Etudes 

Sci. Publ. Math. 86 (1997), 67-114 (1998). 
[8] P. A. Bergh, Modules with reducible complexity, J. Algebra 310 (2007), no. 1, 132-147. 
[9] R.-O. Buchweitz, Maximal Cohen-Macaulay modules and Tate-cohomology over Gorenstein rings, 

preprint (1986), http://hdl.handle.net/1807/16682. 
[10] L. W. Christensen, Gorenstein dimensions. Lecture Notes in Mathematics, 1747, Springer- Verlag, 

Bcrhn, 2000. 

[11] L. W. Christensen; H. Holm, Algebras that satisfy Auslander's condition on vanishing of cohomology. 

Math. Z. 265 (2010), no. 1, 21-40. 
[12] H. Dao; R. Takahashi, The dimension of a subcategory of modules, preprint (2012), 

arXiv: 1203. 1955. 

[13] H. Dao; R. Takahashi, Classification of resolving subcategories and grade consistent functions, 
preprint (2012), arXiv : 1202 . 5605. 

[14] D. Happel, Triangulated categories in the representation theory of finite- dimensional algebras, Lon- 
don Mathematical Society Lecture Note Series, 119, Gambridge University Press, Gambridge, 1988. 

[15] G. Huneke; D. A. Jorgcnsen, Symmetry in the vanishing of Ext over Gorenstein rings. Math. Scand. 
93 (2003), no. 2, 161-184. 

[16] S. B. Iyengar, Stratifying derived categories associated to finite groups and commutative 

rings, Kyoto RIMS Workshop on Algebraic Triangulated Categories and Related Topics, 

http : //www . math . unl . edu/~siyengar2/Papers/RIMSG709 . pdf . 
[17] D. A. Jorgensen; L. §ega, Nonvanishing cohomology and classes of Gorenstein rings. Adv. Math. 

188 (2004), no. 2, 470-490. 
[18] H. Minamoto, A note on dimension of triangulated categories, preprint (2011). 
[19] R. Rouquier, Dimensions of triangulated categories, J. K-Theory 1 (2008), 193-256. 
[20] L. M. §cga. Vanishing of cohomology over Gorenstein rings of small codimension, Proc. Amer. Math. 

Soc. 131 (2003), no. 8, 2313-2323. 
[21] G. Stevenson, Subcategories of singularity categories via tensor actions, preprint (2011), 

arXiv: 1105.4698. 

[22] G. Stevenson, Duality for bounded derived categories of complete intersections, preprint (2012), 
arXiv: 1206.2724. 

[23] R. Takahashi, Modules in resolving subcategories which are free on the punctured spectrum. Pacific 

J. Math. 241 (2009), no. 2, 347-367. 
[24] R. Takahashi, Classifying thick subcategories of the stable category of Cohen-Macaulay modules. Adv. 

Math. 225 (2010), no. 4, 2076-2116. 
[25] R. Takahashi, Classifying resolving subcategories over a Cohen-Macaulay local ring, Math. Z. (to 

appear). 

[26] H.-J. Wang, On the Fitting ideals in free resolutions, Michigan Math. J. 41 (1994), no. 3, 587-608. 
[27] M. Yoshiwaki, On selfinjective algebras of stable dimension zero, Nagoya Math. J. 203 (2011), 101- 
108. 

[28] Y. Yoshino, A functorial approach to modules of G-dimension zero, Illinois J. Math. 49 (2005), no. 
2, 345-367. 

Department of Mathematics, University of Kansas, Lawrence, KS 66045-7523, USA 
E-mail address: hdao@inatli.ku.edu 
URL: http : //www . math . ku . edu/~hdao/ 

Graduate School of Mathematics, Nagoya University, Furocho, Chikusaku, Nagoya 
464-8602, Japan/Department of Mathematics, University of Nebraska, Lincoln, NE 68588- 
0130, USA 

E-mail address: takaliashi@math.nagoya-u.ac.jp 
URL: http : //www . math . nagoya-u . ac . jp/~takahashi/ 



